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iv

SYHBOLS AND UNITS

The Rationalized MKS System of Units is Used

A = magnetio veotor potentlial, amperes

8, b, ¢ = transmission line conductore

4 » sonductor redius, meters

D = ah

E = gleotric intensity positive in the direotion of inoreasing
potential, volts/meter

Flu), 6¢(u), y(u) = arbitrary funstions of u

g = ground or eurﬁh

H = magnetic intensity, amperes/meter

Ho, Hy = Hankel functions

h

4

$ransmission line conduotor height, meters
= gero~gequence surrent, amperes

= gurrent density, miar@amperas/hm#erg

o # 4

= imaginary component

= operator =1

B e

= induotence, henries

dafined funotion of u

#
]

P = power, watts
R = resistance, ohns

rg = effective resistance of the earth, ohms



SYMBOLS AND UNITS (continued)

& » real somponent

8 = a8

g = transmission line conduotor spacing, meters

t = time, saconds

u, v = variables of integration

¥V = scalar electric potential, volis

X = gx

Xg = effective reactances of the earth, chms

X, ¥» ¢ = rectangular coordinates, meters

Y = ay

7 = internal impedance of econdustor, ohms

Z = impedance, ohms

am LT

Y = gtbenuation constant, per meter

5, 3 = real positive constants

e = dielectrie constant of free space = w.w&#?cnwwu - .m%m.aﬂm..
farad/meter

o = conductivity of the earth, mhos/meter

® = angular frequensy, radians/second

p = permeability of free space = #aﬁacqv henry/meter

p= radial distence from transmission line, meters
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ViTA (continued)
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Caraonz derived equationa for the mutusl impedence between two wires
"with a common return path in the earth as well as the equation for
the impedance of a single wire line with earth return.

Applieation of symmetrioal soordinates to transmission line
stability studies of faulted lines introduced the need for a knowledge
of the impedance of the earth return path, This need was fulfilled by
application of Carson's equations to the caloulation of the sero-
sequence impedance of a three-phase transmission line with grounded
neutral, Gl@mﬁ published 4ables and charts to faclilitate thess orlou~

& have utiliged Carson's resulte to

lations and other authors™’
determine transmission line impedance.

Although saraan'sz equations for caloulating the impedance of a
three~phase transmission line with ground return have been in use for
many years, there is no evidence that the impedance has been determined
by a different analytical method using the same assumptions.

This thesis is a zero~-sequence impedance determinstion obtained by
caleulation of the flux linkages and power losses established by the
current flow in the esarth beneath a three-phese transmisslion line with
ground return and a particular configuration. While the results
obtained did not lead to a method of caloulating impedance whiuh is
easily applied to all probleme, they did confirm the results obtained

by the application of Carson's equations %o the same transmission line,
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The wave equation for the electrioc intensity 1a%:

V% = ajop(~0 + jos)E . (1)
The symbols are defined in the "Symbols and Units".
From assumption 3, Ex = Ey = 0 and from assumption 4, E; =
|5 |old0t = ¥2),

Thus:
2o 2 2
~ B
axf oy as?
Since g is constant,
2
V'?'E 3 ﬂy, ) Eg (3)
ax8 ayz
Substitution of equation (3) into equation (1) yields
2 g
B ]
axf oyt

ir gﬁ < 0.01, the term jee may be neglected. Assuming the minimum
conductivity of the earth to be 10 puhos /meter and the frequenoy to
be 80 aps,

a | 20(0%)®) o4 (6)
o 36 (109) |

Therefore the wave equation may be written

2 2
ey o'y ,

for the assumed conditions.



B, Derivation of the Equation for the Axisl
Eleotrio Inteneity in the Ground
A general solution of equation (8) with the elestric fleld sym-
metrical about the xeaxis may be obtained from the infinite integral
By * «f:. F(u) cos(xu) o Vu) gy F(u) 4s finite (7)
' \y(n) is finite and

positive
y<o0 .
Substituting (7) into (6),
N w¥F(u) sos(xu) o V() 4y
= [®F(a) son(xu) [y(w)]? AR
L ]

+ Jour S“‘ F(u) eos{xu) ey‘l/(“} du 0 (8)

-] .

or

[ 7o) oontm) o VO ale y(w)osmo | aw w0 . (9)
o

8inos equation (9) is identically sero for all values of x, and y,

R ORI (10)
Therefore

 J. X: #(u) cos(xu) o¥ VUZ * JwO 4 (11)
Since ‘

- w‘» . - 8x :
vEEeazto 2R e u(iTE e ) (12)



(13)

Substituting equation (11) into equation (13) gives
Hy *-3-1‘- j'“ F(a) \/uz + Jopo
W Q
\f 2
u o Jeuo g, (14)

sos(xu) e¥
and
\/ 2
By ua%; j’: uF(u)ein(xu) oF VB * Jowo 4, (18)

In the dielectric above the surface of the earth, the magnetis
intensities may be written
Hy = Hyg + Hyp * Hyxy + Hyg (18)
Hy = Hyy ¢ Hyp ¢ Hyy + Hyp (17)
where the subsceripts a, b, sand o indicate the magnetie intensities
due to the ocondustors a, b, and ¢ as shown in Figure 1 and the
subseript g indicates the intensity due to the ourrent in the earth.
Assuming that the current flow in the conduotors has a radial
symmetry, that the totsl current, I, divides equally between con-
ductors, i.e., applying sssumption 6, and recognising thet o = 0 in
the dielectrio, the magnetic intensitles due to current flowing in

the wires may be written



I cos @p

o vew—

8n Ty

’ \ n=a, b, o 18
How = I sin oy P (16)
ya 8

n

whers (see Figure 1)

Tg * \/(" + 5)2 + (y - hg)z

ry * \/;3*(3'*&;)2

N

(19)

re = \x =8 + (y - ny)?

and

hn"‘" b
Tn

cos 8, =

X * Bg
sin g‘ W o
Ta

> (20)

ain%*%

x -8
8in 0y » ml
ra J

The magnetio field intensity in the dielectric due to the

ourrent in the earth may be obtained from the infinite integral®
[s ¢] ey
-4 @(u) cos(xu) e 7" du &0 (21)
nxg S; ¥y

Hyg = = j"’" @(u) sin(xu) ¢”7" 4u yso . (22)
| o

At the surface of the earth where y = O, the magnetie

intensities may be w;-:l%ms



" o0 9 3
Hyg * *é% j a-h‘ cos(x + 8)u du
)

" - I (*® =hhu ;
b = 5= e oos{xu) du > (23)
[+

© )
Hyg = == j ™ hau cos(x = s)u du
o

and
® =hgu 3
By u-a% j o sin(x + s)u du
o

‘ m}. ) ,‘hbﬁ ‘
Hyp = - 5@ 6 sin(xu) du ? (24)

1 (® ‘h‘“
Hyg = 5 5 e gin{x - g)u du .
T %

E

Combining equations (21) and (22) for y = 0 with equations
(28) and (24) respectively, yieslds

Hy = S:’ {a(u) cos{xu) + 3% [e.h‘“ cos(x + 8)u

+ ;hbn cos(xu) + ;h‘u cos(x = l}u]}&u {28)
Hy = 5: {-*G(u) sin(xu) + 'g%’ [g“h‘“ sin(x + s)u
+ ;hbu sin(xu) + a‘h‘“ sin(x -s)u” du . (26)

From assumption 2, the normal and tangential eomponents of
magnetic inteusity are continuous across the boundary at the surface

of the earth. Thersfors, the values of Hy and Hy of equations (14)



10

and (156), with y = 0, are equal to Hy and Hy of equations (26) and
(26) respectively. Thus

3%.‘““ u® + jopo F(u) oos(xu) « @(u) cos(xu)

- (1] -
ha gos{x + sJu + e Bbw

_ 1
= s
v o e og(x - a)u] -0 (27)

sos(xu)

and

3-2-‘; F(u) sin(xu) & G(u) sin{xu) = -gf-; [;h,u gin(x ¢ 8)u

=hpu

‘e sin(xu) + o Pad gin(x - a}u] -0 |, {28)

Simultaneous solution of equations (27) and (28) gives

‘ .ot L3 1 ~hau
F(u) e @_fm : “{ povTey [u cos(x +s)u

=hyut
e ¥

+ cos(xu) + a‘h‘“ cos(x q)u}

+ ?ﬁ%{)’ [nﬁh‘“a.‘m(x *sha + o hDY sin(xu)
+ o Pl sin{x - n)aH (29)
and
G(u) » “é%" (1 - L :

Vo2 ¢ jupo . u ; sin(xu)
[o“h"“ sin(x + s)u + o hbY sin(xu)

* e“h“u sin(x - a)u] -t (.. So—

L
m {;h‘u cos(x + s)u + :hb“ coa(xu)
+ :h‘u cos(x = t)a] . (30)



i1

Substitubing the value of F(u) into equation (11) gives the walue

of By in the earth.

gt

° Vu2 + jupo + u

cos(x + 8)u + e PP gog(xu) + o DAY gog(x - a)u]

y m o8 (xu) 1
cos(xu)
[o7

+ m [s'h‘u sin(x + sja + o "hbY sin(xu)

+ o Bav sin{x = Q)u]} du . (31)

There are two genersl soufigurstions which are in common use in
three-phase trensmission line comstruction. For one configuration
hg < hpy while for the other hy = hp. For the remsinder of this
derivation assume that hy = hy = h, Substitubting thie wvalue into

equation (31) and epplying the proper trigonometric identities ylelds

i -3
ST b A LML 2 BPTEN
o Vu2 + Jopo + u

[ans(m) + 1] du
. 2
- .ﬁﬁ% 5 (Vu® + Japo - u) o002 = ¥ Ju© + Juwo)

cos{xu) [2con(m) * 1] du . (32)
Let |

\Im"a
8 = g8
D= gh
X» gx
1 =ay
u =gy

(33)
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and substitute into equation (32). This substitution will not change

the limite and thersfore

By = '%ﬁ S: (Ve e gm0 @7 =TV 2 3 o)

[auas(av) + 1] av Yso . (32a)

10 equation (14) reveals

Comparing equation (32a) with Carson’s
that the addition of two wires adde one term which is identical with

Carson's equation exocept for the additional factor Zoos(Sv).

G. Derivation of the Eguation for the
Electric Intensity in Air

The axial electris intensity in the dielectric may be derived

from the vector and soalar pctsntialﬁll as

E = ~.§% - VYV (34)
ar
By = -t - 3 (35)
when Ex = By = 0 .
How
By (x,y) = By (x,0) = = Ju[Ag(x,y) - Ag(x,0)]
- L [V(xy) - Vo (s7)

where E;(x,0) is the axial eleotric intensity at the surface of the

earth and the distance x from the center of the transmission line,

¥(x,y) ~ V, is the difference in potentisl between P(x,y) and the



n o4 gﬁt P ng
(%) ) [ T+ (ns)soog| | o ;&:é;/: we® 1 = (n)d

8% uegqism oq Lem (0g) uwoygenby ‘Y = U = Py ssoym

eswo Jwinojjaud eyy JoJ pesenyvas oq meu [ITA (OF) uoysenby

AR Sl
A=) v (o -n "

(o%) .

e 4
z(‘&-- ) + 7~

Ty

§q+§(34~x) ] Hz1

E-vq) s s+3) | T~

3
o¢ ©
np £p Lo @ (nx)s00 (M)p A OJ -
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Thus, the double integral of squation (40) yields

© ¥
5 S 6{u) cos(xu) ¢ v* dy du
o ‘o

-l g°° SV uz*éag -y
81 &5 B
" b 2, ja® + u

[%os(ma) . 1] o Bu cos(xu) o 7" dy du

..........5 ..\LMW

[%oaiau) + 1]
Vu * ja R

o~( + Yu cos(xu) %-‘1

o2 (7 2.2 Qa 2co8(su) ¢+ 1
By S F——_—u . 3 +u [ ]
=hu

e cos(x) %‘3- . (42)

Rationalizing equetion (42) and ecollecting terms gives

S: Sy G(u) cos(xu) o V> dy du =

‘l—f S ( Vu? 5“ - a) [Eeo:(au) + 1]

S o
o~(h* ¥

cos(xu) du

+ ...1%. S°° (Vu? + jaE - u) [2cau(au) + 1]
na® Yo
o™ sos(xu) du

- 'é% S: [%aa(m) + 1] [e"’(h +yh. O‘h“J

cos(xu) gﬁ . (43)



15
Since the tangentlal component of E is continuous seross the
boundary at the surface of the earth, the second term on the right
hand side of equation (43) is seen to be = gﬁé&sg(x,a} when y = O is
substituted into equation (52). The final term in equation (43) may

be written a8 the sum of three bterms thus

fé% S:o [zcm(au} ¥ 1] [a“(h *yh a'h“] sos(xu) %“i- -

{a-(h +ym o*-im] du

I (roo
= Sﬂ cos(x + s)u =

+ S°° cos(x = a)u [ﬁ*{h *yh a”}m] Su

s u
+ S‘” oos({xu) [a”(h *yh °~hu] L (44)
o u
itnt«grai;iaam of equation (44) and substitution into equation
(42) gives

500 Sy G(u) cos(xu) o I° dy du =
o Jo

- i S“‘ (Vu? + 36 - u) [2oos(eu) + 1]
Swa® ),

o(B* ¥ sos(xu) du

gl - - |2 (xo8) o
w‘(xm 12« n{x*a)g#(h*y)g

(x = 8)% + (a2 = y)? 2+t
*/n{x-s *(h-*y%g*/nxi*(h*y}g d

Substituting equation (46) into equation (40) gives
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00 , ‘ 1 ®0 2 2
Bl ay = - =B (2 (1F 4 3 - )
[2008(8u) + 1] Bty cos(xu) du

- 5 (x,0) - L (xuﬁun y)°
e (x:0) = - [1 Ry e

+1n(x*‘)a*(h x
(x=8)+ (ney)?

2 2 |
o dnEt{B-3) ] (46)

x° ¢ (h+y)
Therefore
- Jop Soo Hy(x,y) dy = . Sw (Vuz + Jaz - n
o Bre® | Jo
[zow(w) + 1] o'ih +y) cos(xu) du} - Bg(x,0)

n;:t 113%* In«-ﬁ-] (47)

where r} and ry, are as shown in Figure 1.

The elsotric intensity in the dieleotrio mey now be written

from equations (37), (58), and (47) and assumption 4 as

Bg(x,y) = - ol gw (\/ug * jas - u)[2008(au) + 1]
a R

Bno®
ry vh

o(h ¥k cos(xu) du - del gy « YV, (48)
6w Fa Tb Yo

The electric intensity at the surface of the wires may be written

88 3,1 where }n is the internal impedance of the wire per meter
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length snd I is the current flowing in the wire. B8ince the tangential
component of the electrie intensity is continuous scross the boundary,
By from equation (48) must equal 3y 2 at the surface of the wire.

Therefore

¥n " " ;%;?‘ S: (Vu® + 3d° = u)[2e08(su) + 1 o * ¥

rl ri r‘
aos{xu) & ~.12L‘ W¢a)’x . (49
(xu) du 2“1“:-3%:\, T (49)
How
1 ax oy
s as (& + Jul)v (860)
but
ar 4 (Jut = Y&2)
dz " ds II'“
® w53 (53}
and thus
5V Y
1 G+ Joc (62)
Substitution of equation (52) into equation (49) and rearranging
yields

2 ; o
ch (G + jwa){%nﬁﬁ (S’o (\/uaay ;;aa - )

[2008(8u) + 1] o~k ¢ ¥ aos(xu) du)

r! pt ot
Ru g Ty o
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The shunt sdmittence for each wire is the firet factor and the
series impedance is the second factor of equation (53). The series

impedance may be written as

In * #n *?;si Ioo (\/ma * 3’(&2 - u) [2ees(nu) * 1]
)

rt el rt
uih*y}“ ms(m)ﬁn¢m nw . (64)
2w Tg Ty To

The impedance of the "a® sonduoctor will be writiten here es an

example.
2 = }a"% f:?( w? 4 3¢ - u)

[zmoa(au) +1] o2bu cos{xu) du

.”1___ In (zh-a)[m «»4213)-& i’é&c + '2)-'&]

d{s - a)(2s - d)

(65)

where 4 = radiue of oconductor "a¥,

Since h>>d and 8>>d s @n approximate solution may be written

g ®* 7o * &5 j'm (Vﬁz + jaz - u) [Bem:(m) * 1] ° e

cos(xu) du + i-- An h]/(“ ~ &hé)?' ha %3) . (&6}

The first and third terms of eguation (£6) give the impedance

of the transmission line with an infinitely condueting earth while
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the second term is the additional impedance dus %o the finite
conductivity of the earth. Rewriting equation (56) end applying

the proper trigonometric ldentities gives

Z = f's*% S:(Vﬂg*ﬁﬁz*ﬂ)

"

] 0-211&

[uam(%m) + coaf{su) + 1 du

2 2 2, a2
n 2

ds

which & identioal to those derived by Garmnw for a single wire
with mutual impedance coupling to two adjecent wires except for the

" faetor % which can be aiimmﬁaa by using equations (33).
o
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I1I. NUMERICAL SOLUTION OF THE EQUATION FOR THE
ELECTRIC INTENSITY IF THE EARTH

A. IBH Meohine Caleoulations

Bquation (32a) gives the electric field intensity in the earth
in integral form. A solution to this equation, when multiplied by
=g, will give the oqurrent density ss & funotion of x, y, h, and s,

A general solution for this equation was not avallable and attempts
to solve it by series expansion were not successful. It was decided
thet mumerical solutions for partiocular values of s and h would be
made. 8ince the IBM facilities awveilable ocould solve only problems
involving real quantities, the integral was put into & form which

econtained a resl term and sn imaginary term,

The temm \/'cr2 + 3 ie the only term In the equation which is
complex and the angle assocliated with the term is always less than

90°. Assume that
IR EREET: (68)

where 5 and 3 are real, positive numbers,
The solution to equation (68) gives
5_\/;8# V«ra"f«»i‘u.ﬂE m (59)
2 Ve
Ba 1 b . (80)

Va2 v T+ 1) V2
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Substituting equations (59) and (60) into equation (32a) gives

1
cos(Xv) [ 2eos(Sv) + 1] dv . (61)

8inoe ip = ~0E,; and sinee this solution is restricted to y <0,
1,(0) = ﬁ%g-% r" [2008(8v) + 1]
» o

oos (Xv) e"(m * m%

[(...‘.%.....v) 0os X, .2 ,3_,,....'3..'... v (82)

V2 Vém VEm Ve m
and
1,() = %“g}?— S:“ [2008(Sv) + 1]
coa(Xv) (v + |7 %)
m |YI e X aw .
[ 008 G- - V) 8in wem— T5 o av (63)
Fhere

|¥| = absolute value of Y
1g(#) = real component of ourrent density

1,(J ) = imaginary somponent of current demsity. .
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Bimpgon's mﬁwayp wae used to obbain numericsal solutions for a

conduotor height of 20 meters and thres condustor spaeings of 10, 20,
and 40 meters. The conductivity of the earth was assumed to be 0.01
mho /meter for emoh case. The error’® involved in using Simpson's
Rule was oalculated in order to determine the proper intervals
betwesn ordinates for a given acouraoy.

The IBM general purpose CPC system used for the calculations
was known as the SEMAC Amowwau Evaluated funotions, Mixed decimal,
Arithmetic Computor) and consisted of a type 806 elestronic calou~
lator and a type 412 accounting mmechine. The machine was capable of
processing about 80 to 100 cards per minute and required between 16
and 120 minutes to evaluate equetions (62) and (83) for & single
point, P(x,y). The SEMAC had sufficlent storasge cmapacity %o obtain
the solutions Yo both of the eguatlone at the seame time. The length
of time for the svaluation depends on the rate of curvature and the
rate of oonvergence of the integrand. The details of programming
the problem on the IBM puneh cerds and the method of operating the

machine will not be discussed.

B, Diseussion

The date obisined with the IBM facilities are tabulated in
Appendix C and plotted on Figures 2, 3, 4, b, 9, 10, 11, and 12,
Inspection of the data indicates that the real component of current

density does not vary appreeiably for the three cagses studied but
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It should be noted that the solutions may be used for other
values of 8, h, ® and ¢ provided the walues of 8 and D are not

changed and the ratio s/h is held constant.



Figure 2. Real component of sero-sequsnce surrent
density under a three-phase transmission
line with ten meter spacing and ground
return
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Figure 3. Continmation of Figure 2
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Figure 4. Imeginary component of sero-sequence
current density under a three-phase

transmission line with ten meter
spacing and ground return
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Figure B. Continuation of Figure 4
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Figare 9. Real component of zero-seguence surrent
density under a three-phase transmission
line with twenty meter spaoing and
ground return '
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Imagicary component of sero-seguense
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Figure 1l. Real oomponent of zeroe-segquence surrent
density under & three-phase transmission
line with forty meter spsoing and
ground reburn
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Pigure 12. Imaginary component of gero=-sequence
ourrent density undar s three-phase
transmission line with forty meter

spaeing and ground return
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IV. IMPEDANCE OF THE EARTH

A. Resistance

1. @-waﬁwﬁﬁgu

The impedance of the earth econsists of a resistive ocomponent
and & resctive component. The resistive component may be calouw

lated by graphisally integrating the I°

B losses in smell elements
and then dividing the total power lose by the total current squared.
The details of this ocaloulation ere given bslow and the numerioal
values obtained are shown in Appendix D.

Figures € and 7 were used for the caleunlation of the resistive
component of the impedance. The inoremental areas used were those
included between congtant ourrent density lines and were measured
by means of & planimeter. DBeceuse of the coniesl shapes of the
nreas, the average wvalue of the current is not the arithmetio mean
of the two extreme values. It was assumed that a reasonsble value
to use would lie on the constent current density line which divided
the area in question into two equal parts and that the ocurves were
econics. The value of the radius of curvature of the conic which

divides the area formed by two adjacent ourves into two equal areas
rf ¢ rf
isr = ?!m.i..& where r; and rgy are the radii of survature of the

bounding curves as they intersect the y-axis. The y-axis is used
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percent of X4. A more exsot caleulation was not deemed necessary.
The value of X, obtained is approximately two percent lower
than the 2.89 ohms/mile given by Westinghouse'®. This error is
partially due to the two peroent error disoussed above. Since the
flux lirkages between the oconductors have not been considered, the
computed velue is not the total resotance per phase. Inclusion of
the effest of these linkages reduces the above reactances to 2.00
and 2,04 ohms/mile for mumeriocml integration and Westinghouse
respectively. Thess latter values compare with 2.04 as obtained

from Clarke's eharhle.
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V. BUMMARY

The squation for the sero~sequence impedance of a thres~phase
treansnission line with ground return and the equation for the eleotrie
intensity in the earth were derived following the method of Garsona.
The equation for the impedance was identical with the equations of

Eﬁramnls, however, the elestric intensity equation derived included

more terms than the squation of carsonlﬁu The additional terms were
due to the two additionsl conduoctors in the three~phase line.

A sclution of the equation for the eleotrie intensity could not
be found and nmumerieal solutions for three particular transmission
line configurations were made. The results of these caleulations
are shown in Figures £ ~ 12 inclusive.

Humerical integrations were made of the power losses end the
flux linkeages established by the ourrent flow in the earth. From
$hese gquantities the impedance was saloulated for one of the line

configurations. Comparison of this impedance with values obtained

fram~elarkala and w@ttinghmusala are as followss
Bumerical Integration Clarke Westinghouse
Q.72 » J:?nﬂé) : D.272 » ja-% 0.272 +» 320%.

The above comparison of lmpedances indioates that the reactance ob-
tained by numerical integration is about two percent lower than that

obtained by Clarke and Westinghouse.
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APPENDIX 4. CARSON'S SOLUTION IN MIS UNITE

Carson's aquatiamla {27) and (28) may be written as

z! n-?’: §°° V ¥+ o j=~v) 020" 4y (al)
o
and
« «{D, + Dy)v
Zig * % Loo (V vﬁ + J~v)e et oos(Sv) dv. (AZ)

Both an exact and an epproximate solution to the above equations
are given in reference 19. The approximate solution will be re~
written here in MXE units and new nomenclature. Table 1 shows the
relationship between the symbole used in this thesis end those used

19

by Carson™ and by Glarkag’.
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Comparison of Nomenclature

Thesgis Carson Clarke

Balf Imyadma

2D = 2ah ro\pP+a® = 2@ k= dnh VAT

2p r cos & k cos &

492 : rz oos 28 kz cos 28

0 r* o sin 20 x® o sin 20
mtuu Imgcdma

Dy + Dy = a(hy + by) p = va(hg + hy) none

8 = gs q = x' = gx none

V(Dg + Dp)° + 8%
Dy *+ Dy

(B‘g + Db)z - 812

| s
28(D, + Dy) arctan TN

r O\fpz * qa

reo8 9

:z'2 aos 20

:-'a 8 sin 20

k = 2u8qpV2AL
k oon &

k:2 gos 20

k2 2 ein 20
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Equations (Al) and (A2) may be written
2
2t ,.ge[%{.. V%I}#% (0.6728 = In D)
| P | \[
- 3(0.0388 + 3 fap- 39}] (a3)
and

” .&{3..%}&*1. o+l - o]

. 2 .2
(0.6728 = /n \ﬂ% * :b) + B )

+ 28(Dg + Dyp) arctan—n:%ﬁ} -3 [a..azss
1 gp V(o o 2p)% o 87 :Dn*%] o
+54n " i . (a4)

Equations (A3) and (A4) are the approximste solutions whioh will
give answers which are less than one peroent in error when applied to
power transmission lines.

The solutions of equations (A3) and (A4) for a three-phase
trenemission line with s = 10 meters, hy * hy = 20 meters, o = 377,
and a = wpo = 0.002178 are

Z' = 0.08073 + j 0.3760 ohms/mile
and
Zyg = 0.9071 + j 0.3736 ohms/mile

for the center to outer conductor mutual impedance.



Bl

The remaining part of the impedance including all flux linkages
one foobt or greater from the conductor in question may be caloulsted
using the final term of equation (B4). The value obtained for this
portion is 0.9351 ohms/mile. The total impedance of the center
sonductor of the transmission line without transposing is 0.272 +
J 2.058 ohms/mile.
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Bubstitution of the Hankel funotion ﬁ(z) into Rudenberg's

equations (23) and (27) yields

QU RO RPN (54)

and

2 g 22

PR U (B5)

V = ~sal(1077)(% + §

Equation (B5) represents the voltage drop at the surface of the
sarth for & meters of transmission line. 7This drop is equal in
magnitude Yo the voltage drop between any two points z meters apart
where s is measured parallel to the conduetor, however, the phase
angle varies with distance from the eonductor. The phase angle
associated with the current density (or electrie intensity) et the
surface of the earth directly beneath the line is not necessarily
the phase angle ssscciated with the total impedance of the earth.

In fact, the reastance asgsooliated with the earth is a funotion of the
real component of current density rather than the reactive component
because the sum of the flux linkages with the resotive component is
zero.

To integrate the flux linkages and obtain the inductance, the
total current located in the region extending from h to P mast be
obtained by integrating equation (Bl).



&b

V2 b a"3¢“ dp

ah
(V3§ ﬁ)

K: inpdp = jg 13

ap
PKL(VS :/’f

- (
ey (7 £

“1) . (B6)

The differential flux linkeges may be written as

pﬁl(ﬁiﬁ 2
armst 1 gnx 1™ 4o
(5 30y 2
” ﬁx(ﬁﬁ st
" Y Ie dp (87)
nE (VF 1]—2—)

8ince the flux linkages between the conductor current I and the

imaginary component of ourrent density integrate to zero, only the

real part of equation (B7) contributes to the differential flux

linkeges. The inductence may be obtained by integrating equation

- (B7) between the limits of h and oo with the following rasurh%

wt [[mOTD] " - sl ) mT D | | =)
ann® | ' n

[31(\/3 % ]2



&6

Ho(V3 "%’) Ha(VJ %)

- , 2 1 . (89)
217 )]
How2P
SGE - REC SR RENGE (510)

and therefore

BT [, HolT )

L = o “ -
NG RN REL NG

4n

-1 * (BIX)

For a single wire line with h = 20 meters, L = 2.81 millihenries/
mile. The inductance for this line as caloulated using Carson's
equations is 2.56 millihenries/mile, & slightly smaller value. This
is not in mcocord with the statement by Clarke>® but should not be
unexpected because the current distribution in the earth using
Rudenberg's equation is such that the real component at the surfece
of the earth is slightly small and does not decay quite so rapidly as

the distribubion shown in Figure 6.
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APPENDIX € (eontinued)

Horizontal Yertical Imsginary Real Percent Percent
Spacing Pistance Distance Cemponent Componant Error Error
Meters Metars Koters pamp/me pamp/m2 Imaginary Real Mu u
16 (o} 100 1.407 0.697 -0.01 4.64 0.9 4.4
» 20 o 1.398 0.588 «0.01 4.65 0.8 4.4
® 100 " 1.238 0.592 +0.13 2.71 0.7 12.6
" 800 " 0416 0.480 +0.30 1.868 0.5 15.0
» 1000 " 0.088 0.268 +2.40 1.10 0.3 13.8
d wa% " lb&g% Q!gw mng @(@m O-W H@i”
" ﬁwg b s.@!% @LMWMM iu;mﬂ Mng ﬂwtw @nw
" 4000 » -0 ,.002 0.017 8.00 2.11 0.1 54
20 0 100 1.380 Q.598 =0.16 5.65 1.0 14.0
b 20 » 1.381 0.596 - .18 5.66 1.0 .0
» 100 ® 1.206 0.585 -0.21 £.80 1.0 4.0
hd BoO " 0.415 0.445 0.33 2.95 0.6 16.6
® 1000 " 0.102 0.268 0.14 0.46 0.2 9.4
" ng b ‘mi% @Qmwwm, '&og W#ﬁ @1” Wmi@
40 o 100 1.374 0.588 ~0.16 5.67 1.0 16.0
" 40 e 1.342 0.593 -0.17 5.69 1.0 18.0
b 100 " 1.2285 0.587 2.08 3.74 0.8 1Z2.8
hd 800 " 0417 0.445 0.82 2.95 0.6 13.2
b 1000 " 0.100 0.28b 0.90 4.44 0.5 13.0
" M@g b ’Qig @!g“ N !Hm ) 3 :3 QiN WN Q#
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APPENDIX D. GRAPHICAL INTEGRATION

1. BResistence

Area Average Current *ratal #¥otal Resistance Total Power
Density pemp/m®  Current amps 4 ohms B watts/m

Real Component

0.035600 0.59 0.0207 ' 1428.5 22.08
0.08625 0.536 0.0461 579.8 44 .38
0.16178 0.440 0.0712 308.1 56.41
0.23926 0.330 0.0790 209.0 48.96
0.34176 0.245 0.0837 146.3 36.90
0.8707% 0.080 0.0637 74.5 . T7.T5
0,668175 0.041 0.0271 75.6 2.00
1.886800 0.012 G.0235 25. . 0.50
1.27760 -0.0012 -0.0015 39.1 negligible
1.45000 0 0038 =0.0085 "
2.42875 «0.0080 -0.0121 ®
10.02775 0.4875 : 248.08

%Potal eurrent is the total current as obtained from the curves. This is only 1/2 the true
eurrent per phase.

##%0tal resistance is the computed resistsnce of the earth using twice the area given in this
tabulation.
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APPENDIX D {ocontimued)

2. Reactance

Arex Current Density Total Current Distance from Igd Resctance
o pamp/m8 amps {I) Center Cond. ft. (B) ~* “BF  ohms/mi.
0.03800 0.690 $4.0207 526 0.1296% 0.094.37
0.02825 # 0.0141 1099 0.09874 0.07187
0.03876 " 0.0208 91¢e 0.14192 0.10330
0.02750 0.440 0.0121 1706 0.08008 0.08557
0.,02000 " 0.0088 1890 0.06541 0.04781
0.04760 " 0.0209 1710 0.156558 0.113286
0.06500 " 0.0286 1660 0.212086 0.15436
0.02625 0.830 0.0087 2200 0.06696 0.04874
0.02750 " 0.0081 2210 0.07008 0.06101
0.02750 " 0.0091 2280 0.07038 o.0B122
0.03876 " 0.0128 2390 0.09957 0.07248
0.08375 " 0.0210 2490 0.16422 0.11954
0.05375 » 0.0177 2490 0.185841 0.10075
0.08000 0.245 0.01283 281 0.00787 0.0T108
0.04625 " 0.0113 2840 0.088885 0.08540
0.04126 * 0.0101 2920 0.080569 0.05866
0.04625 » 0.0113 3120 0.08092 0.06618
0.051286 ® 0.0128 3280 0.10200 0.07425
0.11600 " 0.0270 3440 0.21987 0.16004
0.08000 0.186 0.0124 3610 $.10187 2.0739%
0.08125 " 0.0128 36810 0.10821 0.07513
0.08000 " 0.0140 3740 0.115618 0.08384
0.10250 " 0.01569 4080 0.13207 0.09613
0.14375 " 0.0223 4400 0.18708 0.13618
0.22125 " 0.0%43 4820 0.29088 0.21173
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