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2 

C«rsoH^ d«rliroi •ftiatloas for tlis mutual lmi>®diua©® betweaa two wires 

with' & ooamoB return path, ia th# ®artb a# well as th® equation for 

the iapetanoe of a slagla wire liae with earth 

ApplieatioB of s^aBetrioal eoordiaates to traaialssioja liae 

stability studies of faulted lines iatrodaoed the aeed for a kaowledge 

of the Iffipetaaee of the earth re'twra path, fhie aeei was ftilfilled by 

afplisatioa of Oarsoa's eqttatioa® t® the ealeolatioa of the aero* 

•eqtjeaoe Sa^pedaac® of a three-fhaee traaiaissioa line with growckied 

s neutral. Cle® f«bllsh«d tables and oharta to facilitate these ©alou-
C 

latioaa aai other attthors'^* haw utilised Qarsoa*» resultf to 

determine traanission line ispedaaee. 

2 Althottgh ©Birsoa's etaatiaai for oalcmlatiag the i»pe4aiioe of a 

three-phase traasais«i«a liae with growad aratum haw bee® ia xise for 

aaay years, there 1® ao eirldeaoe that the iapedaaee has been determined 

by A differeat aaalytieal iwthod usiag the saae aeswptioas. 

This thesis is a asro-setttenee iapedaaee deteraiaatioa obtained by 

oalculatioa of the flax Itoikafes and power losses established by the 

earrent flow ia th® earth beaeath a three-phase ti«,B@BlS8ion liae with 

groBtnd • return aad a partiaalar soafigtiratioa# Ihile th© results 

obtained did not lead to a *th©d mt @al®ttlatia® iapetonse whiah i® 

easily applied to all probleaa, they did @oafir» the results ©btaiaed 

by th® applieatioa of Oarsoa's eqiiatioa® to th© saae traasmissioa liae. 
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4 

Figure 1. Tranpinission line eonductor spacing and 
location of images. 
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m 

aai (16), with y • 0, ar® t® Ijj aai ly «f et«atioa« (EiJ ittd 

(26) r«ip®©tlv«ly. &as 

* imm P(«) 0as(*tt) • #(«) emixa) 
3^ 

• ̂  so8(x •«)*!• ma{xu} 

© • ®©s(* • »)« (t7) 

aad 

F(m) »lii(3m) • ®(tt) «ia(3«) • "gi f • ̂  »ln(x • «)ii 

• »m(m) * fiaCx • « ) » ] "  0  . (t8) 

solutioa ®f ©taatioas (tf) «ai (28) glv«« 

^ „IS:..„.„,.n.,.n.. I „ ,,n...|.... if"^" ®#8(3C •s)® F(tt) 
®* WV^ • «1 

• « ®0i(xtt) • » e<»s(x •8)tt 

I •!>» * 8ia(3iM) 
* sIBIM) 

• «ia{x • »)» (2«) 

•) ®(u) • "sr" Ci ** 
®* * tt aiaCxa) 

« SiB(x • •)« • 8in(M) 

* 0*^® 8in(x • »)tt I ̂ 

* tt 

) 

I 
« 008(x • 8)ti • « oosCxa) 

• e 0»8(x « 8)a (») 
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II 

Substitmtiag tfe« mlm of ?(«) iat® ©tamtioa (II) giTes -Uie tala® 

Qf 8jj ia tfei® e«r%b. 

fhera mm two gmmml ©oafigmmtloas whieh ®r« ia ©ooiaon us« ia 

triiB8®ii®i®a lis® oeastraetiaa. for oa« ooailgurfttioa 

1% < iife nrhil® for tb® otli®r h* • h^. For th« riMaiader ot thii 

a®rimtioa msstmm that ^ • hi, • h, Sufestitatiaf thia mla® into 

(31) mi. applying %h» p>ofsr trigo^QOKStrio idwatitios yielit 

0O8(x • •)« * ®a8(3m) + e®t(x - «)« 

* sia(3E • 8)a • 8ia(3m) 

• 8ia(x • 8)tt] • . (SI) 

ig a. « -jteE j*** £ 
.-(hu - y y.' 4 3«»g) 

+ tt 

gesaCs-a) * 1 

" " JJ° CVu^ • 3®{i0 • tt) •' 
•Cim - y Y? • jeejter) 

0©s(3Da) [t0O8(«tt) • l] ill . (S2) 

yjmm « a 
S » as 

X • « (3S) 

t -
tt « irr 
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u 

aad smbatituta lat@ (SS).* &ls siibstitutibii will mt obrnge 

th® lisits and ther^fsr# 

Ig • - ̂  . T) - tV?~M 

[ 2eo,s(8v) • l] dv f S 0 . C22a) 

Coaparing sfaatloa (52«.) with ©ftiatioa (M) reveals 

that th® adiitioa of t®® T®ir®s aMs t«« nbleh is itrntieal with 

Carsorn*® ©fwatioa «Mmpt tor the aiiitioaal fa«tor too«{Sv). 

6. ^rimtioa of tli». Ifaati^ii tor th« 
ll®@trio Ist«a«i%f ia Air 

fh@ mitil «l«etrie i»t@jwity ia tiis dielsstrio a*y b® deriwd 

from th® veetor mi aeaiar pot®atiftlf^^ as 

1 • . Vf (34) 
#t 

QT 

8, m aa wwMi «• iiwlw! (25) 
* #% ^8 * ' 

l^m ix •• ly • 0 . 

Vm 

%(x,y) - Bg(XtQ) - - j®[A2Cx*y) • A»(x,0)] 

[T(x.y) - V@] (ST) 

wh«r« lg(x,0) is «i® axlAl slottrie iatsasity «t the surfaee of th® 

earth and the distanoe x from the esater of the trausmissiQn line* 

V(aE,y) - VQ is the iiffereaee in potential between P(x»y) and the 
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(Xt) I • (ms)soo^ 
* 

/ • I 

8» »q i*a (®) w®|%8wl>i *11 « <lii • 

esvo eq% aoj &q mm m* fc^) H©t%TO%i 

(Of )  

m  

im)  

l%* * IE) 

jC! - N) » ,(. -x)"' • 

'J'a' Mr • 
• g* 

lllli!JL±_«, 
I g(^ - *^) • g(» • *) 

»P («)•©© (ft)0 . 

if 
f{i - * gC® * *) 

i • »ii 

g(i£ - ttt) # glE 

i • ttl' 

g(i . *^) • g(« • X) 1 ®r 

i J F * 

iy|«® C*«)«o® C»)® J5 ^5 " 

•(tg) fw 'los) '(SI) '(ST) iTO|%wl»» ®««l 

ip (^'ac)*! • (©•3c)«f - {£*xfj 
K J 

tl 
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thus, tke doMifele totegral of •gmtlon (4Q) yields 

C30 ^y 
f 
\ \ &{») ®08(»i) e*^ iy du 
•'o 'o 

1 fy Vu^ • ii —« r f' v« » 

*" X Jo 1/77 3a® • u 

2oo«(iu) » 1] o»(iu) e*'™ ay <1» 

• - • £  f  ' * •'*' ' " ['«»(-) • 1 

" V?Vj7»u 

„.(«) ̂  

^ ^ r (..o.(..)»1 

Vu^ • • a 

U 

Mtl@mAllsl»g sfuatioa {4t) md eoll«@tiag te'ras gi-ret 

-«> p 

J© 

iu) 

L 5o 0®»<xa) 4y du • 

• —1^ r*® ( V«^ • " tt) [2@o8(sm) • l] 
%•«• -^o 

.-(h . y)« ^ 

• C"*' ( Vu" • 3®'' ~ «) [2oo»(itt) + 1] 
%«* J© 

©»«{«) da 

P [2oQ8(8a) • l][t-C^ • y)« . e~to] 

®0«(») ^ . (4S) 
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IS 

Slaoe th9 eo»p»ni«at ot M is eoatlimoitis mross the 

Isoaaittry at sarfaa® sf th« ©ikrth, %h» saeoad tem m th® rigfct 

l»a«l sli« of (4S) is 8®tB to %• - ^J®je(3E«0) «fe«a y • 0 is 

s a f e s t i n t o  « t . M » % 4 o a  ( i t ) . ,  f h ®  f i n a l  t « r m  in #qaatloa (4S) way 

ba writtea as tli® sw of tbr®s %««« ttos 

^ [2,o.(«) • l] [.-f" • . .-^1 «.(») ̂  -

oo.d«.)u [.-(^ • y)" - ,->"111 

• J" .o.(x - .)u [.-"• * - .-'°'] f-

* 9»s(xa) - •"*"*] ™ , {44) 

latsgratioa^ of squatioa (44) fta^ Bubsliitution into equation 

(4S) girm 

[ ^ §(«) oo»(iw) 9*^ itt " 
J© Jq 

. ̂  p CV/VIZ - «) [EeesCstt) • I ] 

• y)a 

' 1% 
in (x • s)^ » 

(at • «) (h • y) 

/. (X - ./ * (h' . f =•' « ^ 

(x • i]r ••• (h «» y)® X® • (h - y^ 
. <4S) 

SuMtitrntiag (40) IbH^ e^uatiom (40) gi'<70« 
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a3tC*»y) % • ̂  ̂  (Vtt^ • j/ - «) 

[gecCam) • l] ^ mBim) d« 

(x • t)® • (h • y)® 

• A ",y,f 
(SE - s)^ • (h • ff 

• /tt4jLilrz£ 
ZV(hV^ 

C4i) 

llk^rafor® 

- 4«|t f°® %(jE,y) €y « • + |a^ • «) 
•'o %g« [ J© 

[g0^(»tt) * I ] e®»(3M) dml - IjCxtO) 

-
®« 

i « £ i ^  
% % *•© 

(47) 

#i«ra r| «wi ar« «s ihom in Figur® I. 

ft® ©laetrlo iat®i»ity la tfe« il®l«®tri0 »ay now b« writtm 

from «%uations (37), C^)* (47) aai ftS8u»ptioa 4 as 

Sg(®»y) * • (Vtt^ • • tt)[g©0«(»tt) • I ] 

^•(h • y)B /a f. «. vf , (48) 
®* Tg % ro 

a® 8la«%:pie iat«a®lty lit tte® swrfaoe of tin® wires my b® wrttt«a 

aa irlier® i» ^® .iattiml imfai^a®® of tfea wir® pmr m«t®r 
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IsBgth sai 1 is iit© 0urr®at flewiag ia thm wir®# iia®® taag«ati«l 

eo»fQa«at of the «l®©tri@ iatsmiisf ii ©Qatiaaotta «i©ro»t th« l»oaa4ary, 

Bg fro« ©trntioa (4S) mst tqiuitl 1 at the aarfsio® of -ft® wi ra» 

therefore 

fn. " cV7~*~4? • ia)[2®08(Bu) • l] ^ 

@m(xm) 4n « iSi ia * • 3 y 1 , .(40) 
tt *•& >^b *•© I 

low 

I il 
S d« " " > 

but 

li .£. - y2) 
<ls it ' ' 

<• • VI (51) 

mS. ttos 

<S2) 
I 0 • j»e 

Sahstitutios of etaRtl«>B (St) lata 0<|aatiott (4S) aad rearraagiag 

yields 

- (a • ji-s • (V?717 - «) 

[2eo8(8«) • l] 9"^^ * eosCim) 

. r« ri r» ) 
.ia* . (6j) 

*^0 
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li 

fk« shttat for eneb wir« is tiw- first factor ani tim 

aerim imp«d«Bo® Is «eeo»t factor of sfttiitloa (iS),. fk® serl«« 

i®p®d&at@« raay be wrltt»» as 

* *  f'u * ̂ 2  c V " * 5 t t  • *  w )  [ s d o t ( t u )  - •  l ]  

^ ̂  /a ° , (54) 
**© 

&• ImpeiATO# «f the %* eoatoetor will 15® writt«a M#r« ®« an 

exanflo. 

t - •) 

[ggosCstt) * l] @oi(wt) in 

f„ (ah - a)[V(77g) - allg • te') • d] 

2w 4(8 - d){2s * i) 

C§S) 

•where i «• radiaa of wadaotw %*« 

Sia@e fe»4 aatf 8>>d, aa apfroxiwit® solutloa may,be written 

hk (V«^ • « tt) [feoiCsm) • l] 

»«(«.) a. « jgt ^ . (66) 

the first aiaii third tew of efaatioa (5f) fi-^e the ImpeAaaea 

of the traB«al8iloia liae with aat iafiaitely soaiaetiag earth while 
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tkm 8e@0n4 -fesw l8 %h@ aMittoml litpateaoe iae %o th® fiaita 

©©iidmo%.lirl%f 9f tlta earth. S®writ4nf etwation (5i) and applyiag 

tii« propar trifoaoaotrls Waatltlas giwa 

z. -  ̂p . u) 
mvr jo 

[®0scl«tt) * eofcitt) • l] da 

, ,fn * 4fe )̂(4s  ̂• 
2ir 

whiah It ideatieal ta iarlvad Isy Caraosa^®' for a aii^l® wlr« 

with wtttal i3®p®#itta« ©oapHid^ im %w@ aijaaaat wire# axeapt for tlia 

' faster ^ em %« 'SiindiMitai ^ ma lag at^atld&a (SS). 
a® 
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to 

III.. MWElICAl, SOWflOS OF St 101 IIB 
n»fiio twmmm m mm msm 

4* 111 HB.akiii9 Oft leu la t ions 

Ifwtioa glwa %h« •laetrio fi«l4 la tli® «arth 

la Itttafml fbnt. A sol^tlea to this a^wblon, wtoea ®altJLpli«d by 

will glv« tfe« eurr«at deasity m & f^aotioa •mt x, y, h, aad •. 

A gaaeral aolatlaa tor tlila «ttiati®a wa® aot a'lmllable aad attmpts 

to iolve It by 8«ri®® axpaasioa war# m-t 8a®e«88ful. It was daeldad 

that Ba»«ri©al solatlsas for purtioalar wlaas of s aad h would h« 

aiad®. ilaee th« II* Ikollltlaa awllabl® oould so lira oaly prohlama 

la-rolTiag real q«aatlti«s, tha latagral was put lat® a fora whioh 

eoataiaad a raal tara aad aa Iwigiaary t«m, 

the taw. • J is the oaly tarn la tha aqaatioa whleh Is 

©aaplax aad the aagla asioatatad with th® tarm ii always laas thaa 

93®. Asautta that 

ir̂  * 5 • s * j /3 (68) 

ittara S aad /3 are real, j^altiva atabars. 

Xha soltitloa to aquation (68) gives 

09) 

(iO) 
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El 

SultBtltating «q;ttii%ion8 (St) aaA (iO) lata «fa®ti©a C^*) 

SQSCIV) [ i«0«(»'«') • I ] «V - (61) 

Sinis ig " •eSg mi «ia9» this solttttoa Is rfstrieted to y < 0, 

l̂ (yf) • «ei j~ [e0#8(tv) * i] 

008 (xt)  ̂ if i ) 

and 

ji. 

fi Vs Y1 m fZ 

) • «g£ joo [i0q«(sv) • I ] 

O O « ( X T )  ^  L Y |  

dif (62) 

jl a«« jil . ̂  9to 'jij 
VI fl m ^ 

€• . («s) 

1tti«r« 

It I » m^tolttt® mlu® of t 

ii(" )̂ • i*®®! ®o»fob®at 6f 0wr«nt dmslty 

) " iMgiimry ©oupoRsat of ewr^t daasity. 
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It ahomli nsrtei that •©lutioas Mfcy to® us®# far other 

mlasa of s* h, m ®a4 m proTiiai Mm 'Vftlttes of S aa4 D ai^ »ot 

shai^ei iaid tii« rati® gy4 is haW e#ast«at. 
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f8ro«at of 31®. ,& mm amot ealewlatioa «m8 aot ieeasd n®e®ssar:f. 

Iha fal-B® of &tetftla®d ia *pproiil»ftt®ly 'two psrotnt lower 
1 q 

thaa the g.Si ©hss/all® giTsn, l®s%ingho«g« , this «Fror is 

pijrtialiy da® to th» tw© parteat errar ditettssei afco-r®. Slnoe th.® 

flax link*f9i letwoftt tb® •soafiwetors Mm aot l3«®a ©o»»id®redi, th® 

O0«pttta4 i« 110% th« total r««etatte« per fhas®, I»®l«gl®a of 

th® eff#0t of th«s« liai«f«8 r«<lae«s th® ahow rsaetaae®® to E.OO 

and 8.04 olms/4ll« for ttB»®ri®«l lat«gratioa ®ad Wastijaghow®® 

resf«0tlwly. th®«« Iftttar Tftlna® ©oapir® with i»04 a« QMsimd 

from -Olark®*® ohftrt^®. 
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?, twmir 

fha eqwatioa tor th# 8®ro-~s«fa®ao® inpaian®® of •» %hr«»»fha88 

traa«®i8tl®a Xia» witto grouai ratura a»4 th@ sfuatlsa for %h9 ©leetrie 

2 ia th« «arth w#f® €«rif«<i fcllowiag. the m®tho4 of Carson . 

Th® ©fttatiom for -ft® imfeiaao® was Msatital with a^watlons of 

^ri©a^^» li®w®ir«r, til® «l«®tri« intsiMflty aftiatloa dariTei laelaAad 

tmrm t®ras tMa th® ®q,tt»tloa @f Carsoa^®, f&® aMitional terms war# 

€tt0 t© til® t»o adiitlsaitl 0®ai®6t®r® ia the thr®®*pha»8 lin«. 

A soiutloa of til® atuatioa tar tfc» «l«etrie iBteasity eoaM sot 

ib« fo«ai aad mmtiml sdlatioas far -aart# partiealar traasaissioa 

lla® @oaflgurat4oas mr« md®» fh« rssmlts of tlisao oalsalatiotts 

are ahmw, la flgaras 2 - IS ta®la«lira, 

tei«ri®al intagratioiwi w«r« Md® ©f p^wsr lasses aad th® 

fl«3E liaS»g®s estaljll8li®d by th® ©arreat flow la tii® sarlh. Prom 

th«8« quantitlss the iapsdaae® was eal<salat®d f@r ©a® ot tfe® lia® 

eottfIgmratioaa. eomparisaa of tills lapedaii®® witk vala®® ototaiasi 

1® 18 fro* eiark® and W«stii^h®tts« are as follows i 

fcaerteal lategratloa CJlark® Westiagliomse 

Q,BU * j£.00 0*2n • p.04 0.2ft. • j2,04. 

ft® alte-r® eoa^risoa &£ iapedaaees iadi^ates tl»t th® rwiotaa®® ©to-

talasd fey wnaeriaal lategratisa is aboat two pereeat lower thaa that 

0btala«d 4^ ©lark® aad Wasttaghams®. 
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AFKiBS 1. mmmm mimim m ms mm 

&nrmm*s (2f) md (Ei) may ^ nrrittea at 

gf mM i - r) dr (Al) 

and 

« jimi ro I— ^̂ 
%• • S ̂ {y V "*• $ * r) % ooa(8-v} dv. (Ag) 

iath «!»©% sBd m approxlMit® •oltttien to th® aboTe ataatieas 

ar® fiwa la r#f®r®W0« It. th« approsdaat® solution will lr« r«-

wrlttm h»r« In MM units aM nm mmamlA%mr9* fa'ble 1 shows 

ralatiemship betvoaa tb« s^ols m9& la %Ma thasia and those used 

by Oarsoa^® aai hj Clarke^. 



www.manaraa.com

4f 

ffttola I, '0oaptris©a of lowii®latere 

te«si8 0aF«®a Clftrk# 

S«lf 

SB " 2ah r •» ]lp^ • » 2 ̂ |^ k " 4wltnVS^ 

SB r ®os & k e3« 9 

4s  ̂ • «©» sit @08 2t 

0 / 0 sin E« k® 9 siB 2« 

ifctaal lî «4»ae« 

®n • % • * h^) f • vlc\ • h) boa» 

S « » a 8  mm 

vc^vd^pt? r • )// • k -

% <*• % r q08 # k 09« t 

C©gt • r® ®08 it k  ̂ ®oi 20 

2S(% • %) aretaa r; ' -• ' « 8ln t9 k® t sia 2# 
% * ®b 
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ifiMilsioa® (ll) aai (42) 'amy 'b® written 

and 

Z* » ̂  
w 

^ • I* (0.«?B8 - is D) 

4(0.0Sii • I ia © M, 

9 
n % • % , I 
¥ syl [{(ii» •• db)" 

{o.grea - in * "b) * ^ ^ 

( A S )  
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